The theoretical lifetimes for singly ionized beryllium (Be II) have been calculated using the weakest bound electron potential model theory and the quantum defect orbital theory under the assumption of the LS coupling scheme. In the calculations, many states are considered. Some lifetime values for highly excited levels have been obtained using these methods. The lifetimes presented in this work have been compared with the early theoretical calculations and measurements presented in the literature. A good agreement with the results in the literature has been obtained.
Introduction
The lifetime is one of the fundamental characteristics of excited states of atoms and ions. Measurements of lifetime of atomic and ionic states are of constant interest in different branches of physics such as astrophysics, space physics, plasma physics and atomic physics [1, 2] . When the electromagnetic interaction in atomic physics is well understood, the radiative lifetimes give some valuable information about atomic structure [3] . This information extracted from atomic lifetime calculations and measurements can be of relevance to a wide variety of areas from astrophysics to lamp design. Singly ionized beryllium, an ion of an alkaline-earth element, is also of importance in many study fields such as astrophysics, theoretical and experimental atomic physics. Because of not being formed in conventional stellar nucleosynthesis but rather being generated by high-energy reactions between heavy nuclei and cosmic rays or protons from interstellar matter, beryllium ions are especially important in astrophysics [4] . Therefore, lifetime measurements and calculations in singly-ionized beryllium are attractive for theoretical and experimental researches.
In the present paper, we report lifetime calculations in Li-like beryllium. The calculations are carried out using the weakest bound electron potential model (WBEPM) theory and the quantum defect orbital (QDO) theory. In the calculations the ns (n = 3−10), np (n = 2−10), nd (n = 3−9) and nf (n = 4−10) states for both multiplets and individual lines have been considered in Be II.
Theory and calculation procedure
The electric dipole transition probability (in s −1 ) from a level labeled by nlLJ quantum numbers to another level labeled by n l L J quantum numbers is given to be [5] : * corresponding author; e-mail: gultekin@selcuk.edu.tr
where e is the electron charge, a 0 is the Bohr radius, h is the Planck constant, (E J − E J ) is the transition energy in Kaysers (cm −1 ) units and (2J + 1) is the degeneracy of initial level and S E1 is the electric dipole line strength in atomic units. The lifetime of a given level is calculated to
where A J J is the transition probability and the summation holds for all levels J(E J < E J ) radiatively connected to the level J . Fundamental quantity for the calculation of transition probabilities, oscillator strengths and lifetimes of excited levels is the S JJ line strength. The line strength is determined according to the coupling schemes and the transition types in atomic or ionic systems. The line strength expression includes transition integrals, angular coefficients and transition energies. In this study, we have employed both the WBEPM theory and the QDO theory in order to calculate radial transition integrals in the determination of lifetimes for Be II.
The WBEPM theory
According to the WBEPM theory, electrons in a system can be divided into two groups of electrons to be the weakest bound electron (WBE) and the non-weakest bound electrons (NWBE). The WBE in a given manyelectron system is an electron excited or ionized by the least energy to the system compared to the other electrons in the system. In this method, the electronic radial wave function can be expressed by means of generalized Laguerre polynomial depending on some parameters. These parameters are determined from experimental energy data and the expectation values of radii for levels. The many of atomic or ionic processes such as ionization, (705) excitation and rates of radiative decay may be related to the WBE. The properties of WBE give accurate information about these processes. In this method, according to WBE approximation, many-electron problem can be simplified as a single electron problem [6] [7] [8] [9] [10] .
In the WBEPM theory framework, the radial wave function of the WBE [9] can be obtained to be
In Eq. (3), L 2l * +1 n−l−1
2Z
* r n * are the generalized Laguerre polynomials, Γ (x) is a gamma function [9] . Z * , n * , l * parameters can be obtained by solving Eq. (4) and Eq. (5) together
where I is ionization energy and r is expectation value for radius of weakest bound electron. The ionization energies and expectation values for radii of all states must be known for Z * , n * , l * parameters to be determined.
The QDO theory
The QDO theory is based on analytical solution of the one-electron Schrödinger equation with an effective central-field potential [11] . This formalism gives exact solutions for the radial orbital and analytical expressions for transition integrals. Moreover, it possesses other advantages as it contains a screening parameter in its model potential that is formulated in terms of experimental data, therefore, correlation and even relativistic effects are implicitly accounted for.
The QDO theory involves the exact solution of the radial equation with the potential
In this equation, Z net is the effective nuclear charge at large radial distances, l is the angular-momentum quantum number, and λ, which also appears in the quantum defect radial orbitals, is generally determined as
where δ is the quantum defect (δ depends on effective principal quantum numbers with n * = n − δ) obtained from empirical atomic level data [12] given as
Moreover, c is an integer and the range of permitted values of c is limited by the conditions on the parameter λ as follows: (1) The radial wave function must be quadratically integrable, for which
(2) expectation values of the energy must be potentially evaluable, for which λ > −1/2. (10) These two conditions lead to the following range of variation of c [13] :
(11) A large number of chemically important properties of atoms and molecules can be theoretically evaluated, if the appropriate valence, Rydberg, or continuum orbitals are known. The Schrödinger equation for the radial part of a valence, Rydberg, or continuum orbital in the centralfield approximation is given as [13] :
The appropriate bound-state wave functions are given to be
where W is the second Whittaker function. The normalized bound-state orbitals may be expressed in terms of generalized Laguerre polynomials or in terms of Kummer's functions [13] :
by substituting the bound-state orbital functions of Eq. (14) into Eq. (15).
Results and discussion
In this paper, the lifetimes of excited levels have been calculated using the WBEPM theory and the QDO theory for many of states of lithium like beryllium. In the WBEPM theory, the Z * , n * and l * parameters are required for the calculations. These parameters are determined using the energy expressions and the expectation values of radii of states. The required energy values have been taken from NIST [14] . The wave functions in the QDO theory are obtained by solving the one-electron Schrödinger equation with the approximate central-field electron-screening potential. In the determination of wave functions, n * , λ parameters and δ quantum defect parameter are required. In the previous papers, we presented how to obtain these parameters in detail [15] [16] [17] [18] [19] [20] .
We have calculated the lifetime values of highly excited levels for Be II and the obtained results are given in Table I . The last lines of each set of states given as M lt in Table I represent the lifetimes of multiplet lines. Our lifetime results have been compared with some theoretical results obtained from the relativistic many-body calculations using a high-precision relativistic all-order method which includes all single, double, and partial triple excitations of the Dirac-Fock wave functions given by Safranova et al. [21] , the multiconfiguration HartreeFock + Breit-Pauli (MCHF+BP) method results given by Froese Fischer et al. [22] , the compilation of calculated lifetimes using a numerical Coulomb approximation with a Hartree-Slater core (CAHS) approach given by Theodosiou [23] , the Fues model potential (FMP) approach calculations given by Glukhov et al. [24, 25] , the presented values in the Grotrian database [26] , the numerical Coulomb approximation results given by Lindgard et al. [27] , with some experimental measurement values given by Bromander [28] , Hontzeas et al. [29] and Andersen et al. [30] . The experimental results are given together with their uncertainty rating. Moreover, our lifetime results have been compared with the semiempirical calculations given by Kurucz [31] . As a result of comparisons, it can be seen from Table I that the average agreements of our lifetime values obtained by using the WBEPM theory and the QDO theory are ±2-3% to other theoretical results [21] [22] [23] [24] [25] [26] [27] , are ±9% to the semi-empirical calculations given by Kurucz [31] . Experimental results are scarcely available for comparisons, especially for highly excited states. Since the observation of highly excited states is difficult, the experimental results for some states considered in this work are not available. When one considers the comparison values in Table I , both our results and other theoretical results given in the literature are in divergence from experimental values. Unfortunately, such deviations are appreciable in almost all states. But, the average agreements of our lifetime values are ±6-20% to the experimental results [28] [29] [30] given in Table I .
Conclusions
We list the lifetimes of the 85 levels in Table I . It can be seen from Table I that there are very good agreements between the present results and the previously published theoretical results. Although some discrepancies are seen with experimental results, they are all within the experimental uncertainty.
The structure of ions of group II elements such as Be II is quite similar to that of the alkali atoms. Therefore, in calculating transition probabilities, oscillator strengths and lifetimes it is reasonable to use the WBEPM theory and the QDO theory, which has been successfully applied to numerical calculations of the atomic structure parameters of alkali atoms and other multi-electron systems in previous decades [15] [16] [17] [18] [19] [20] . These calculation methods are especially useful when the large numbers of transition probabilities are required, since wave functions and matrix elements are computed quickly and automatically using only energy level, ionization potential data and the expectation values of radii belonging to levels as inputs. The configuration interaction effects and the relativistic effects are considered partially through the use of the energy and the expectation values used in determination of required parameters in both the WBEPM theory and the QDO theory. In this work, some lifetimes of the higher excited levels are obtained using the WBEPM theory and the QDO theory through a more simple procedure.
